In this paper, a compactly supported distribution which is linearly independent, and both m and n re nable for some integer pair (m; n) satisfying m r 6 = n s for all positive integers r and s, is shown to be essentially a B-spline.
Introduction
For any integer m 2, a compactly supported distribution f is said to be m re nable iff(0) = 1 and f = and the one of a tempered distribution is understood by usual interpretation. Obviously an m re nable distribution is m r re nable for any positive integer r. The re nable distribution is closely related to the construction of various wavelets and the limit function of a subdivision scheme (see 1], 3] and references therein).
Taking Fourier transform, the m re nability of a compactly supported f is equivalent tof(0) = 1 and the existence of a trigonometrical polynomial H( ) with H(0) = 1 such thatf
For any 0, set x + = ( x x 0 0 x < 0: A function g is said to be a spline of degree with knots x 1 < x 2 < < x N if g is linear combination of (x ? x j ) + ; 1 j N. A function is said to be a spline of degree if it is a spline of degree with some knots x 1 < x 2 < < x N , and to be a spline of degree on an open interval (a; b) if it equals the restriction of a spline of degree on (a; b). As it is well known that there are some trade-o between various properties of re nable distributions. So it is an interesting problem to understand when a re nable distribution is essentially a B-spline (see for instance 4]-7], 10], 11]). Lawton, Lee and Shen proved in 7] that a re nable distribution which is linearly independent and piecewise polynomial, is essentially a B-spline. In other words, Bsplines are essentially the only compactly supported re nable distributions which are both linearly independent and piecewise polynomial. Here a compactly supported distribution f is said to be linearly independent if
In 11], Sun and Zhang proved that B-splines are essentially the only compactly supported re nable distributions which are both linearly independent and totally re nable.
We say an integer pair (m; n) is of type I if there exist integer p 2, and relatively prime positive integers r and s such that m = p r and n = p s . Recall that a p re nable distribution must be p r re nable. Then a compactly supported distribution which is both m and n re nable for an integer pair (m; n) of type I, need not to be a B-spline. In 11], Sun and Zhang proved that a compactly supported distribution which is linearly independent and both m and n re nable for an integer pair (m; n) of type I, must be p re nable, where m = p r and n = p s for some relatively prime positive integers r and s. Also it is shown in 11] that the B-splines are the only compactly supported distributions which are linearly independent and both m and n re nable for some types of integer pair (m; n). In this paper, we shall prove that a compactly supported distribution which is linearly independent and both m and n re nable for an integer pair (m; n) not of type I, is essentially a B-spline. Thus we give complete characterization of compactly supported distributions which are linearly independent and both m and n re nable for any integer pair (m; n).
In the next section, we give the main result and its proof. The last section is devoted to remarks.
Main Result and Proof
In this section, we shall prove the following result. where a n = P k j=1 d j x n j . This shows that is a nonnegative integer larger than .
Lemma 5 ( 7] Obviously Theorem 6 follows from Theorem 1 and the following lemma.
Lemma 7 ( 11] ) Let m; n 2 be two integers, and let compactly supported distribution be both m and n re nable. Then there exist a compactly supported distribution 1 and a sequence fd j g j2Z Z with nite length such that 1 is linearly independent, both m and n re nable, and satis es = X j2Z Z d j 1 ( ? j):
